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—~‘ht ’ problem ~~~ lv ~ i i i  r~.’i r ~ x~tm~- ~ i t  ~11 n o n l i n e a r  n person

noncooperat ive t~ce~; , general  e q u i l ib r i u m  ~~‘ h I  h linear 1 r ~~iw-t 1 ~~ and

several  others ~
- . t i .  be a ~t e.t ,t ,. .~ 

. ‘r~ I ~~~~ .t z x r hi em n a ~ 1 (>~ (‘d - ‘ f l Vt X

and 
~~~~ 

1 y ht ~ 1r~i 1 n. . In t h i  ~t~ ’e 1.~ r the  r~ h I .~~ ~ t est ab 1 ishing t he

nt~~ber of ~~i1u t ~~n:; ~~~~~ i ~I 1 en~ ~~~~~~~ have . :‘h.. Lti ; i ~ tool ~~ e~t ii ; t ) e  homot o~

invar iance  of the I~r iwe~~ ~*~~ree .~n I t ..• hr • r t~~~~~ ; of ~~~~ ~~~ ikaido , and Inada .

For the case when t hi i; ~‘onr i ~ the ii’ i~ — r . ~~~it  i v .  or? h i n t  • ~~ i u n d e r l yIn g  funct  I

arc ro~~t in rw~ 1.’ dl f ~r r e n t  i i h l r  •tn I sa ti s~ a ~r . I i .  ~~ r. • t ?  i n f  i n  i t ’ , , and the

Jacob ian ~‘a~; e i th e r  a l l  r i n v i !~% l nor~. positive or ne1~~? l v . , t h e  exact number

of ~olut ions the problem arc  ~I t  .iined . It shown t h~ t ‘~~r he posit lye

case • h 5; n.i~~ er i ~; ne , .~n I r t hr ‘<i t ’ v~
. .i ;.‘ • it ~

-
~tn 1”- e it her  • 1 , • or

v. ~~~~~~~ ndi t ions whefl ‘h. ; rohien h~ a nr i ~~ solution are

also  given . ~~~~~ * n. resultn can h.~v.’ Important app l ica t~ rv in general equ i l ibr ium

ani~ iys ~~~~~. :~ addi t- i ~n , whe n he problem is 1.’! ine l n a ( 1  oseci • vonveX ~ poly—

h.dral and rninte~i cone , w i t h  a ~‘o s 1 t i v t t v  condi t ion  on t h e  Jacobian ( s im i l a r

to he one :ut by Mas—Colell in  a rec-en? Cxteni~~on ‘~~~~ the :,~1e—Nikaido theorem )

ising the nethod ~ ~o 1ima and Saiqal , •~ ~ni q~eness result Is estahl1~ hed . Such

c~r~~~le~ en a r i ? y  proh1~~~ ar is’ in the general equ~~1ihr~~u~ models w ith linear

pro-Iuct ion • and have beer re~ ent 1’,. -or5; ~:ie r rd  I’v Yehne .
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a - I i : .  ‘.,- r~~t ; ~~ir a I  I :I~, • K a’- 1 - - I  ,- -w-

1,-i I..- , - . -~~~- n ? -  in 
~~~

- - ~~~~ ‘ ~ . rI- i-,a . define a : II! matria

p ~~
. . .~~ is U

~~1 

(t !~~ a*ail v,ctor) • f 1 p’~ p C’ -e diaqra ~ belOw

- - ‘ c 1~ Ut  - wa- ~~ raI .a:oi i r I :~

ft ft

~~~~~~~~~~~~~~~~~~~~~~~~~

S a r a e I t s  t ift.-Ierat title , -a - U’ f 1 aria! I I ’ ( *)  — 
I’
l l  (Pa)  P arid is thus a

j I .  r~~ ’. : I I ( a  . S U a’ I.~ a ha. a l t  I i : -  i (  -ml ~~t ! I ‘a negit ‘ Vt ’  • 50 -1.-eb

I ’ - i~ - PaI p C- , beciuSe I (2 . , I ) r I  *~~) • ~~~~~~~~~ - NOw , using ttm ’ well known theorem

In- a Li t I )  a - ..-.- also :‘~~
- r . -n . ’~.4 , Ii i k s ; % -  1 1 1 1 )  ~‘li a cubica l rt- -~ ion containing

sri’! P ’ a . we r i  t ie

T ’  T ’
— P *~ -

A l a  - . •t r t a’ *~ a:.! a , ar ’- i n - ’ ( I ) ,  *~ 
a - Thus , I r  ‘~~. ‘ ..l) *~ — a , and

— h,l’~.- - ar t a - - a l ’  -

s .5- a ! .at It -~~ a s pt -?  ‘ t a t t i . t e n ?  a - r’nlit i-- n -a ir d,-i which q i s  1~..al  ly t~a*va )a ’nt

r”~a ’ - - r e~~~; . ’ ( loca l un iva l ’-o -a ’  theorø5) . :..- ‘ * , , Ii (a)  has a ll ; r i na  i;sl minors

ta ’ t’~~ • a” I a 4 0. rt’.en . ! Iw’ re ~s an  ~ ‘er n.igh~~ r’ I :‘ - * w’ ich q maps U

- ~~~~ a - i ~ 1 .ica ll- ,’ . f l t  - I

; r ~~~? :M t  * belong I- - - !‘ae ;- ie ’e~ 0(h ). •(12
) Sinc e z j O .  I~ ,‘ 0 for

a- .i ’ j — 1 . . . . .  It . Thus 1.-I ~aa1
(*) ( 0  f--i ca - ” j — I It. TIe result now follows

Ir~)a “ ,— r.-~ Pal in ? r  a;1’er—di a an! IA’~~~~ * 2 . 1 1  - f  V- -?in a (~
,‘t.
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I I. The :ta-~~ i t;~~~~ . a-a.-.

In t ? . i 5  ae~~t ioTa we S)f lat~~~~~! the )-r~ a l la- rn ( 1.1) wi th  K • , I *41 U~I

(1.21—Ct. 3) an-I 1 1 (i) has all ; I ina: i~~~1 m m c i  ,. flt’’Jiti5’~~ - We wil l  i--v .- t hat - x any

(1 . 1) has 0, 1 • .1 a 5 < 1  ;at i . ‘r .- - ~e fore we i -a’.’ - t ail ~~~1ft r,- -ault , a,,,. n .-~ est*bl ia! t Itt-

-Iar.pet’ - - !  t Ite i :1) ( -

‘~ 1 C.a 1 t i x i  01 lIar ~‘qr. o f g;

10-1 l ’..in.i Or teqa and Rh.anl.’l- !t (14). given a Continar ua mapping -; (~~ an

a’; ! a y 4 - I C  ~~ ) ,  wIar re  • ‘ is the botiadary --t t a ’  art we ~‘,,‘n--I ,’ by ~~~~~~~~~~

t Iaa’ I.’ ~tc r  of ; with tespe . -t It, U at y . Mow , I i  a -~iwn n’:- mat r ia  ‘~ Which

ta*~ alt  princi; *1 minors n ’n- r er , , d.-’ ’ in.- ‘1..- ) - i e - . - w i T’ l irarir ma)-) trig

(a) — *

• 
• Ma (3 .1 !

on the .ubdivm.ir I ; - I - ,’ .--ir ~, IJ’ . I )  . tnce a, ‘ - a - a  a ll z i f l c i~’a l mi nors non -r ex . ca- ’

linear ma;-~ ar - I  1 , ) I ‘( I) aa one I t -  tine - Also. (a) Is norm - .a’ a - - i v e  - We - ,i:-. t t ’a~~n

prove:

~~~~~~~~~~~

(a) 0.-? M ‘.,ave all r a n - -ipa l minors negative , .ar- l ~ 4 0 • Then

~‘-i 
L ,K

t
, ~) — —l for a l l  in

(b) 0.” M -tave all ; r i n ” i ; a l  minors negat ive , and N t 0 • Then

ie:(L ,N ,q) • 0 for all q in

Proo f .  le t  • 0 be suc h that S ( - ~~~~. ‘*11(a) — q 1 fl - (l) • 0 for eve ry I I-i .

rr~~ -‘ r crn 3.1, koj ima and Saigal (8) , aatd.r hypothesis (a) , •S(q). 1. H nce

• atad from L.~~a 2.1. (83, ag~d.r h- 13ao1!-s.’tis Cb) , tieqtt,$i’1,q) • 0.

how , let q . , and consia~~t the h~~~ topy , for t in (0, 1 3 ,

l,(a .t )  • t (* )  - (1—t)q ”tq .

S t n r ’e t is norm coercive, :.~~ t0) Is boaaid.d , and thus f r’oe thp hcaloto1y invarianra .

th.orea (6.2 . 7 , 14) deg (t,P’5’,q) a cIpq(t ,Ii’ , q )  and the theorem follow,.

‘ir-,w, let M - 1’f(0). Since f satisfies (1.2), f(s) — Hz • o(*) such that

l o ( a )I  - 0 as Id -0 . h o w , for t in (fl,1) define the hom topy

-6-
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I t t a .t) • 1 - ! )  - x i • t g~~ai

• ~~*( $ ! - i x

t~ maa 3.2. la’t ‘! tare a l t  i t t - - ij  .ai minors n--ta- ia-a . - Then I I;c x ,- c x i  ‘a t  a ~ 0, snd

a ‘ 0 such that I it a - ! (I ,, 1 r all * in t a . -  1-. - -;n-!.a c .1’ ) - - f  ~ ( <  ) •

1 *  - I ) .

Proof: Since ‘I has a l l principal as;ra-  it  non-zero , t a.- Jacobian. of  the l ; near mapp ings

a S i~ .’.l % are non—smn .g-.ilar . TI,- .;ra . t O,’ ra ’  exists an . a 0 such t ’ .at IiC x )I a .Iu *1a

-a . for all * in ~~ I;’w , as I o ( z ) I  ‘0 a. lxi • 0 , t ’ .s’r.’ ~‘* i ;at t ,  an a 0

suffic ient ly small , s uch that Io (x t l  ~ a t  f - - i  al l  * in H ( . )  . T’;x% . f rom ( 1 .2 ) ,

IH(* , t )~ - I t ( s )  — l o (* )  ‘ a — a , , and • f . i  * - ‘K(i), IH (x ,t)I
• C

.~~~~ 3.3. :et f satisfy (1.2) . ( 1.3) an I Ic I :!(*) a a,..a, ea °; principal minor

nag-stir, for all * - Than. ! -i .-‘.‘rry a 0 ‘ ‘ ‘- i.- e x i st s  a ~
- ‘ 0  such t a -tat - - a  all

w i t li I ;  ~~. SI ;)  — * ; g ’ *t  — q ) C III- I -

- 
Proof a Aasr.ma th. contrary . Then, f r  sa~~~ ’ ~ 0 and crery ) 0 t Iaa- a- c eatlits a q

sa~~Pa that I qi an - I  S(q)  I s ( s ) .  ;‘t - $ r- 
It ° and l.- t x,,~ S(q~ ) be -~;i- I.

that Ak 4 S ( a  ~~, S- ’v -x. ) is ‘- --a ’ : l,- -I , s ina-c - I I ; . - ra~1’.a , from Thct’ rc’m 2.1 , l q~,$- •

Thus, Ott a- ’ne as:~’ae : ;ae n- r  z.
~ 

a • A l a - ’ i x,. a t hus l x i  
- 

a . Stat g(x k
) a

H•nc. ~ a a ’  — 0 . .-t a a ‘ ( 1 )  , Sin - a- g( 0) — 0 • *nd 0 c ‘ (1 ) we ‘nh i ;sa - ! ! - t  the

conclusion -~~~ ‘hs’-’t.n .~~.

~ a’ now ;‘r’vr the main Thc--ra ’~~, which is aløo a nonlinear version a’! Theorem 3.1.

Theoris J,4. i.r t f •at lsf’ — ( 1 , . Ia  and (1. 1) and let 
~ 

-ac dci ins’ d as in ~~ a- t i t i n  1.

(a) ,.‘ ~ f (xI have all ~r i n -i ~-al minor, negative for each * in  P”1

and H • lrf(0) 4 0 , TI-era , dec~~q,h’ ’1
,q) a -l f r- i  eac h q in

(b) 1..t Of(s) have all ~ r t r r ” i ç a 1  rnira - -- r a  negative for each * in

and H — tI ftO) ‘ 0 . T1’ r ’ra deq (q ,P”1 ,q) — 0 for each -~ in

Proof: ,.t m an-! t be as t..e~~a 3.2 an-i let I - 0 b* a. in 1e~~ s 3 . 3 ,  and

suffic iently ~~~1l, so I’at 
( a - . For -1 0 , define 0 - . a’ ain ’/-~ ,6/iP~~~)

arid for q • ha Hd th, linear proble*

1 ( a )  — q 5 (3 . 1)

1 

_ _  

_ _ _ _

_ _ _ _ _  —-5 
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‘n-h ’ i I ra.- f yj o t t ar .cis ,ii • there is a d ~ 0 I-u. ’ I i a t ‘0! ~ 0 . :a ’ !~~rse 0 ‘
. -

as stair, sta t l I a r  linear ~ i - -l I c e  ( ) , ~~~) I — a r  ; • -Md . sing theorem 3 , 1  ~P) ,  1 . a

las I’;.’ ;rai~~.a’ ‘i-’li Ik - - r a  x — &d • 5 ( c ) .  Now - - n s i; jr ’a  t la . -  )a ai* .-l~~- ; ,  (3 • ) , H ~(4 ”) - -

a’ , since I x  rn ~~ a 3.:  and the t i .’  0! ‘- . 1- a r S a ‘l ~( c ) ,  I H ;x ,l) —

- I-~ a -  — ‘ ‘ 0 . ThuS, using the ‘.oSa-t aj v invariance 11e - .tiern . :. :.., 1 4 ,  ~- -

ti— g “ l )  — aieg (q . 1i ( ) ,  — a 3 s q ( t , S ( )  . — — l . : -

‘ra-arr Ila’ hypothesis Ib), let art -, 0 .nal Q ‘ , V ( , ‘ - I .  ~‘ .-n~ -

1’ .- linear a’ i - .~blr-5 f - a r  q — ‘al has no soluti-e- • l.. ,~~a 1 . ,  81  - ‘si ra-~ ‘ ., at  ;- .;Tt - t -  ¶ - as - -

above. -c at- estab lish that

— deq(g,B (a.) , .; ) — aieg (t ,8 ( c )  , ~~~ — 0

N’w, f - a  :( iO K ’ , - -n’c ; tr r the ‘r .
~~~~t o ; y a  f’r t ~n : - . i. l

a glx) • i l — t ) q  • l.; .

~ t rn Theorem 2,1 , s a ra- -c i - a )  Is  norm coercive, :.~~to) is boa.raded. t i s t rag

- - n n
!.t C  ~~~~~~~~~~~~~~ a n v a : a ’ a ’-. - ,- theorem a - . , ,  14), d e q ( q . P  ,q) — dsgCg. R ,q .) 

, ‘ - .~~- - -

theorem follow#.

1 .2 .  TI- . .- Mushe r of solut ion s; -~ 
-

We now ,, a tabl ish the re.quired results on the nusbe r of so lu ’ ions to ( 1.1) 1 any - - -

given ; • Wa a~~~ .stahl ts ’— a simp le te~~~~a

i~~~ s 1 4  t r  ‘a -rae q , le t  * iolv* (1 4) , and let l~f (a) have all ; rtna-i; a l I -

minors n- - n -  icr- - - Th.n there is an oç-’en neighborhood ~
‘ of * s- u ;-?;  tIiat * is ‘ - ~a- only

solution ( 1 . 4)  in U

! - f  The proo f follows fr~a ti-ar f a - -t tha t , teider our ‘ - y ; - - 1 t - c c . s , :ag~~ (*) is non-

singu lar for each 1 au ’~ . that * is In r’( ) , and thus , by the inverse fwtction t ’re- ic r’ -

(c : : , 14). * is ‘It.. - - r a l y  solution -‘f g 1
( x )  — q i ns  small re iq i-.bo r i-. - rca--d UIf l .  v.a’,

also corollary 4.7, Manqasarian (91 .

We are r-a- ~~ ready to establish our main resu itsa

Theo rem 3. 5 .  For each a let l’!(*) have all principal minors negative. TIaer , if

i i )  O f ) )  0 , 11.1) ha. a axt iqu. aolutiott for each ~ j O  and q — 0 . a

three solutions for -
~ a’ 0 m d  at moa t two solutions for 0 ~ q ~ 0

-8-
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— — -  ‘ “~

-
- 

— 0 I -a -tI ( ra t -.! One I -

- f ( a )  0 , (1.1) 1 .a’. no - - I ;t ~ofl I- - i  4 4 0 , one so lution f a x  q 0

- 0 i - - i  at least - ta.- i • anal two t a - - l u t ions f o r  q • 0

l x ’- - ! It- -s t heore m a .4 for ,-va’ a -i in , under hypothesis (i) deq(q, lk”1,q)

a t ;  I toa- ~~~x ( i i )  • leg laS 1~
t q)  — 0 . • i.- t S( q )  be the s.t of solution s of (1.1).

‘~- ‘w , l.-t .~ ~ 0 . Then S(q) ra ~~~ - . 11.-ta .- at each * in 8(q). the lit b ra S

x c .  . - 3 arc ’ tt ,at ; , !  ic- I, and thus -i aa~~a an open s-ce iqhborhood ‘1 - I a hoemo—

a x~~0~~- -a i 1 -~ - n ’.O  . ; ( ‘ . ‘ )  Vrnm ~~~~ ~~~~~ 3 . 1 , r - -’ ima ~,-,d Saig al (71. deg(.. , rr .4 ) •:

‘sa ng  .- .le. - ’~~~-o-a ; t ; . - i a  I % - r ’ a a a ’ . .-~~~ .7, ‘.4 ) ,  -,~.- l e x  -.y ;— ;at la . ’ t c a a t  ( - . 1 ,  •s(q) • I and

- - - . - .-sls it ) • S a.;) —

la- I  0 . Then S -i ) “ - a ; )  ~~. at;- ! using Theorem 2 . 2 , * • q

a a 0 i s  ‘ .,- asaa-; ;x ’ - - l o tion i r , .~~(j ) . an- -c 4(5) — * f - - i  x a - ( )  , there

ii .i rae ; -i -- - I I a such ‘hat leg (q , ‘ , ;? • 1. Also , a !  y is any other

- - - i - a t  i- -n an 5(q), - 1 . - a L;.’ ,;) — -‘- I I - i  -; ow’ neighborhood )~~~. Thus , a r - i t o ; t he

I,,- -cc; . -. I ! - “t.a ; r ( d - . . ’
, I L ,  a~’a ’.cr 0~~~.’ t ’ ~.’t t ,  ( a ) , •S (g )  — 3 and under hypoth—

ccitt ( L a ) ,  I S I ; )  . .  ~~~~~~~ I -’  0 - ;  0 with q — 0 f r - a  at least cu-itt a - JoIst

, -; - - ‘‘a’- - a-a a l l ,  ~~~a $ ) ;) , - m t  ugmnq 71-icaorem .~ . . ,  Stq)a -I,) — ~~~ i f  there is any

‘Oa’ r so lution a in - I  , -~~
-‘- ~~ )- ; , .- ;)  • - 1 .  TI -a. ’ deq(g.U ,q) 1. Sot arbitrarily

. 1- a -a r t . - , there e x t - a t  ;‘ 4 0 w hich hav, no a-, l;it t ;,ar , i .•. , deq (q, ’ .q ’) — 0.
— a;

‘‘; a  a —  * ountraalic t a -  - a n - .- 1.-ira-c a’. b - -al ly . constant , tinder hypothesis Ci) ,

a - a -~ -~~~- •~~ ( - ;) ‘ 1, ; 5~~). :.‘t theme solution s be ~~~~ ,,,,, 5k
, Since these are dis—

; -  , ‘‘ a- re ‘-a; .”  n.- ; ‘ 1 - r ~ 
- - - I a  , ,, • , ,~~ - f  ~~~~ ,,• ,, res~~ctive1ly such that

ra an! ~~~~ — ,.. — ft tnt . 1 )3 1  • 4 - Thu. 4e— ) . a .
1

.q ) .- ...  — deq)~~.1~
k ,q) * — I .

Put , Il-a.’- -ia’o(q, tm°,;% 1* —1 , hei’ice i.- ;f i. r ,q) I .  Sit-or-, ii is -pen, there eSt at e

a -; ‘ , - o a f I a - - icn? l -j  - ‘a - -a . ’ .-  • , an au- -h that deq(q, ’’ ,q ’)  ~ 0 , i.e., it  is

:er - if S I 1? rat’ 3 , antI -1 othe rw ise . But , degree is locally constant; which is

-. 
“oas a contradl- -t ion and - - - -a , th,-.r-’reC fo llows .

-9-
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1- .

- 4. r -,- I , a !  as.’- a-- i-

!‘~~~~.‘ ta .- ! i_ ,,
~ a,,’ - - ‘ta ’ .i-~ ’i ‘ ,- a - I  Ice U l) a , a !  - - p .~ - - I  ,,.-,i • -

~

I , at;.! I,- r . . I t ’ . I  - a , - (a, .’., f -‘ -xe- r’r- mStriz A • - au ’ !.  ‘ ‘ . - m ’ AS 0

* — - . F — (al A s 0).) era-i tha t I ~-*t  is f i c a  1 - ) - ‘Low , ~~I t ! a  *jc ,
~~ 

x - ;  t , a t ! , -  oondi—

on the  ‘ at - ~ ! a s - a m,stri* : t a * )  41 a , t t  it - tr -a - - a a t ’ - i below , we will ;t~ -vr ‘‘ -‘a ’

(1.1) ‘ - a ’  a t  , - t a !  ‘ far  ‘ .- - I  a! a r- . f - i  a- ac? ; in I- - I t t  case ~ • a- • ‘‘as ‘ t , ’ a-

a’ .  3- ..- - .- a to Or ta- I t Oat f o * 1’ .  a - a ’ Ic sar~~~ ~XtaWta4Od t c a~ i- .aaa I - I a - ,a-~ all

r a n  a ; a I  ~ tnors ;a~~s a t  ave -

1. 1.  - ‘n.iitic*m on ti-.’ .ta- - ubiSn : 1 * )

l o x  a g iven set 1 an 5
n 

-nt a at- ,tra --; 0 l.-’~ be t ’ ~ s uttpa a’ r ; at’ an.. i by ? a . ~

-a.- ’ 3’ • a e - .

-- 
a s  • 1 . 1 ,

1 — . a - i

- 1.’ r ~~~‘ a Ia -c - a I’ I , ,• - I - ~~ i-a- ,- S a - - I a am ,. ( 1 r ) .‘a u- ‘. ‘ ‘ am ’

3’ • t F i ( A * )  • 0 f - a r  “ am - ’- I . ) , an ’. let II b~ t ’- ,s- .- I - ‘ ; —  I •

‘a- - , l’.t 1’ !~~ 
-... a - - a- - Ic*’a - ,1-a ? ’ r a  I ‘. 5 ait~a ; a- a- , a a- ,

- • a.’ ;,- 5 4 I )

y a s
y

and n--I. !r-..,aI a ’ .  a ii’~ ’ a%T m.a; j iraq . ~“

P ‘ ! a  a ‘4 • 14 -

Wa ra-’-w stat. • Oe a; ; r rxça s a a%t t ’  r—’n-,-j; ‘ ion - a,, I - a :

a tf-, 1.1  :~~
. ‘ !~~ ‘. ra’ . - % a a ’ 5’ re , i’ - ’bI’ I”l a ’ ’ U a’- V .a ’!.

I’.-’ P • rf ~~~ ‘ 0 1 a -ill a ira n 3’

at-a l I’,- a .  V

~~- ‘ P~ ‘ I-f (5) ‘ 0 f-i  ev e r y  f l — a -  3’ - f  1’

4 - 2 The Pc 1 tog 2 - 
-

Ira a t ’ we q ’~~~~ t - ~~t i - ,,. ,
~~~

;-; a na, q is a ; a . a ’tw aa. r’a-nt inucvely tiffet-enti-

at .’ na !a , t t . ’ i o ! -  --.1 f ‘at, - -
~~r ’ai ’, subdivision of , This aa.i’-l t~’ i . ’ i - - t ’  is generate-I b-y

! ; a n ~~~a-.’ -tI 1in eart ’-~ -- I  I’-,.- ;-~~.‘-a’a.a’ . .’  lin.sr ;r ~ - - ‘ a - ’,-- mat—t ine r p n 
* ~ defined by

— t I — man ly—d (4.2)
-a- ’

— l



: . ‘ t  I’ .- -~~ ~~~~~~~~~~ - . m a ’  generated C-- a l a , ~~ a e - a  t~~~~ ~~~~ 3’)

i - - i  ‘.~ ‘~~~ ‘ 1*’” F 1 ‘ It  a , a  - 1,-am , t S t  ‘ I’.’ - I - “s - ‘ - a !  ia  1 and ~~~~~

-a-- - I ‘a! • ‘ I; reati . • ~ ) , -
. i t t  I , a.’ - -~I tnc~ usly di!!’ a ,-t.t a amb 1.

w all, :~q ( s  a • ~~~(5) , ~ - a ’  i-~ is -~ ‘ tined tiy ( 4 . 1 1 , and a — a losu i r  It 
1(int F) ) .

-

~  

- ; I ‘- m a  t ’- - ‘ .1 .-~~
.- a C b 0 , a t t a t  c • (1 , , .. ,  ~~~~ 

a ? l , a -  \~~ I - -, I a l l

l’ s an B’1) ,  k’’in. S t-’ • (m As • 0 • As -mr s • : a ’  P is ; - -  Il ls’ -’. , S( 5 )  is

- - I I - - a us-. ‘a m . - a-  I I ~ae I — ~~ 5 a - I ( a  r.a-ar t t  .- I h a -  a t’,.m~ -3 a

3’ a • ‘1 Is! let I ~a.’ I I-- ,-
a -

IP ,, (x )  - a s c a ’ —  I - a
- -

I n  a m ! t a ’ L a , t’ , let 5’ • - a ~~~• • 5 , * • ~~~~~ • 
-
~ 

- ..‘-

,a a 4 .  :.- ‘ s ,i ~~~- ..‘- ~~t l  a ’ x , a a  - - I a r a ! -  - a - ’ I ’ - ’- - a - s a s  4. . I I aa*r

s-a l I t  a c r a t  ly la r  ;‘- s ‘ 0 • a 5 ’ 1*) I r ,-s- - - a — i, ....

Prsa- f  T’.a i t t  (e~~ a ~ ~~ -. Is - cc • ‘-.. ‘bam .’avat  a 11 ,51 as • a~ s- - a - ~‘a an tis -c it - . S (.)

a;; - r - -4~~ acs , a’ .’ .  !‘ _a ’ am - f a r a a t •  a ,, • 4. (arC I~ . a coeqa*ct x~- a a - I- . Also, see

Ia ; . a r c  4 ’ . ,

4 , ) ,  ~“ ‘ .‘ -~~it.r of S-obut ionsa

- - 
A.asa~~ ‘ ‘-a t  I’ ss ti s~~a a - a -- - - n - f a l l - a n .  ( I . a~~~’. 4 1). a’- - ” - - -- ‘“ ~~“ ~~ ~ ‘

C ie f l ! i f  (a a ~ e . .,~~h !,~ t ‘r- St $ Ax - a’ )  • c . Thus, tI- c l a - a - . ’  1 5(a) t ’ at are

riot faa-e m I F % -  n !  a - - r . ’ r ’ . . - ’  ~
‘ , w’. ~~~~ may •‘ ai a is saaft a - a .ntiy ( a m y  ~a-

the above ; r ‘;-a r’  - - ‘a- b a it -

~~~~~m 4, L I- .! a “ 0 r a ’  a l l - . a a -~~f iy large , a,. ’. 5 - c’  be t’ .a- ;~-~lyY-a.4ron d e f a s - ’.- -! in

s.-!a

~

r 4.2. TI-en , the i - . •at .’— . t - r r -  g ‘1 t 5 I V ~ 1 r a - s t i a  ‘u- -I ‘ - S c )  a, on. e n  - - ‘ a- .

Proof It a’— ite readily - - “ f a x -~e- l t - ,i ’ -at, -Icr “ ‘a ’ ; - ‘- 4.1 I a ’  f~~~a --I t t -  Ia -- a t

ar at , ;-jbe•tp — I Is--.’. - f  X •s i f - ,- — - - - - I ;t a -n 4 , , a’ I by the choice ~I a 5 0

‘‘-c fece. of 5 r I  t ’-a are “. - •.~t- * ø ’ .  - - I  faces of F , do riot a’ - ’a- r ’ . c - ? •‘ 
• *nal are

•aabs.ts -tI tra nslates ‘1 1* -s a m - f  v , at-a l tI-oi,’~ s a t i s f y ( i t )  -a t  condItion 4 . 1 , an-I t b - a ’ .

also •a ’r a s f y ‘ -—t - , l t ! i - ’ n  4. ’~, 
~~~~
, ‘5 -ca ¶ ixe  l e a  fr’blow* f - , a ; t - ’ f  identical to that of

Theores 4. t ,

— I l —

- __________________

— 

-

- 5 - - —-
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a ,‘ t i  S4t fi !‘ ,~‘~ a , -,’..

— - -‘  4 . -i I _ - I ‘ot t i ,a f y  - l it  i - - t a . ’ (1 - •~ ) and ( 4 , 1 )  . Then Cl 1) ta,. at lIt ‘ 1

-a - I  ,!i~atn I i •- -m 0 in

- - .  
I I~a’ ’ ! —,- arb i x a m x - , a t .  I 1~ - t  I-; ) - * $ q (a) — -

~ 
. Now , let am 1 

- ii ’ • 5(q)

.it i, 0 s’ - 3’ s-a-a. ,,o~~~~ 4 ,1, 5’!. t I  ia i i -~.- as -. 0 a~~~*~ a,.- both ma~~ers

• I’ - ’ • -; 51a) is 1-1  I~~ , - a q (~~~) 0 q (x
2
) . 1,11cc- 

1 .

- a s s ’  a S ‘ C.) , a • a z ) -ao q 3 * I ~~~~ ~a 
— a , w’.- have a t i a-la ~-! a - a r t hat t o

!.‘-,a, 1. ’- ! ‘ ‘ at  i’ m 1 — 1. Thu. - -ui reault fo l lows-

ad,- ‘ -. ‘a - - ‘. a - ta  I’,! a - a - t a t,,a ata a’, I I_a! (1 .1) ha. a maciqus sm- - i  —a? a - a s ’. for u-a 3 q

a- -

a’ - - Oct t -; ,a I a,, ! - t he  - -n- i tt  I-a r ; .’ - - I  t ’ ,a- r u-s 4 . 4 ,  I t - a  addition , I’-r a-ac ’

-~ -a a - j a- n ‘- (a~ a a a a -
~. t ’~a! I* k I • a ~~t I a a a l(  ‘ — . ‘“aet- 1 .1 ) - a

I s - e a t . ; a n ~

- ..~
:- ~~~ 

• a - •‘ at a ;~ S a l  - a t - a  1t~ , am ,. I ~. a - f  q5 a f C a
s-
) , ‘rh.n Is’. 1~~ ) • 1 (f roC

a- ~~~~~ 4 4 . as-cal ‘‘- a -  l.a ’ ’Ot ’ s. a - - - 
~~ - ) .  !4a- ’- - a- ix- - i 3 - ~~.3 . - ;’ ‘I • N-~~~ , let q

as-a ~ l’s’ a r i a , t a a , - .- as-. ’ .  —~ ‘t;a ;  3 - a  11am’ ‘,-~~~~- t a .a; y

$1* ,!! — ; l a ’ — ( - I l; ’ — ‘ 3

a - - a a is n- -~~~ co.rc a~~~, $
1 (~~) 

~ -a c i a - I, and t! ; ,a ~ deg (~~,4.
n
,~~3 — ~~~~~~~~ ,q’) c c l .

‘k’t- ‘ S I ; % 0 • t--~ ‘‘~~~~~ ‘‘ “ resul t f - - - I 1~ v’. Irs -a. TI -a- ru-c 4,4 ,

-1)-

________________________________ 
-

- -i
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3I~. p44.endix

tat 3’ * K
11 

I.- a piee.-ew*.. line ar aap~-anq ‘a s -a the subdividr d polyhedi on

as defined an sea ( L~ ar, - i s a .  Ila.’ mapping 3 ~‘ ( 1 ) a s linear , ‘- -- - , f — a r  ‘a -ca t , ’ t a

, 3’ -~ ( 1 3  1*) — K . 16* cast I Io’t, 3 r’av.” a

& a a  A l a  There e t a- a t  n’s-c math ,’,. LI a~ad V sax—h that
a 

j , I
a (A .1) a

) 4 2

where is t he 
th cot c i  of the mat r I am A

L~ fin. tj — A and ‘a’ — AN Thu. (1 1) hot 4. fo r I — ‘~ , - ca - (‘-I

• 0 1 # N. Th.n, if - a  is the , th 
~~ vector an K

11

— 0
1 

‘ ‘ ( I )  A ‘(i’. — - x  a x
~ 

— 0  for a • II 4 —

and

U a ‘ I I)  ~ 3’V . - a $ * • 0 I- a r  a 4 j • 1
j  a 3

Since r is  -vt! i rats’aaa ,

A , u~ A
1 

u~ f - - a -  j I

anal

A,, “, 
— AN u~ I ‘a a I

an -i thus . .n and we are don , ,

‘a v 3 r - - -aca -a, t iworea

a Th.or.s A~ Cat F -  K ” p 11 and be i t s a ’ew i s s a  linear nn (K” !) Then, F maps
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In this pape r we conside r the problem of •stablishing the n umber of solu-
tions to the cospismentarity problem. For the case when the Jacobian of the
mapping has all principal minors negative at~d satisfies a condition at infinity.
we prov. that the problem has either 0,1,2 or 3 solutions. We also show that
when the Jacobian has all principal minors positive, and satisfies a condition at
infinity, the problem has a umique solution .
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